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Abstract 

This paper is part II of a series of papers on the deformation quantization on the cotangent 
bundle of an arbitrary manifold Q. For certain homogeneous star products of Weyl ordered type 
(which we have obtained from a Fedosov type procedure in part I, see |q-alg/9707030|) we con- 



struct differential operator representations via the formal GNS construction (see q-alg/9607019| ). 
The positive linear functional is integration over Q with respect to some fixed density and is 
shown to yield a reasonable version of the Schrodinger representation where a Weyl ordering 
prescription is incorporated. Furthermore we discuss simple examples like free particle Haniilto- 
nians (defined by a Riemannian metric on Q) and the implementation of certain diffeomorphisms 
of Q to unitary transformations in the GNS (pre-)Hilbert space and of time reversal maps (in- 
volutive anti-symplectic diffeomorphisms of T*Q) to anti-unitary transformations. We show 
that the fixed-point set of any involutive time reversal map is either empty or a Lagrangean 
submanifold. Moreover, we compare our approach to concepts using integral formulas of gener- 
alized Moyal-Weyl type. Furthermore we show that the usual WKB expansion with respect to 
a projectable Lagrangean submanifold can be formulated by a GNS construction. Finally we 
prove that any homogeneous star product on any cotangent bundle is strongly closed, i. e. the 
integral over T*Q w.r.t. the symplectic volume vanishes on star-commutators. An alternative 
Fedosov type deduction of the star product of standard ordered type using a deformation of the 
algebra of symmetric contravariant tensor fields is given. 
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1 Introduction 



Deformation quantization is a now well-established quantization concept introduced by Bayen, 
Flato, Fronsdal, Lichnerowicz, and Sternheimer [^. For any symplectic manifold the existence of 
the formal associative deformation (the star product) of the pointwise multiplication of smooth 
functions which are identified with the classical observables had been shown by and A 
recent preprint by Kontsevich states that such star products even exist for any Poisson manifold 



22 1 . The classification for star products on symplectic manifolds up to equivalence transformations 



by formal power series in the second de Rham cohomology group is due to |2^, ^ and g . 

The particular case of a cotangent bundle T*Q where Q is the physical configuration space 
is of great importance for physicists and there is a large amount of literature concerning various 
ways of quantization of such physical phase spaces. Deformation quantization and star products on 



cotangent bundles are considered e. g. in 25|. Moreover differential operator representations 



and their symbolic calculus including integration techniques are considered in e. g. [29, 30, 16, p^ . 
For geometric quantization of cotangent bundles see e. g. 131] and references therein. 

In order to formulate states and Hilbert space representations of the deformed algebra of formal 
power series of smooth complex-valued functions on a symplectic manifold two of us (M. B. and 
S. W.) have recently transferred the concept of GNS representations in the theory of C*-algebras 
to deformation quantization |^]. In that paper this concept was shown to be physically reason- 
able by applying it mainly to flat M^": integration over configuration space at fixed momentum 
value turned out to be a formally positive linear functional whose GNS representation yielded 
the usual formal Schrodinger representation as formal differential operators on by means of the 
Weyl ordering prescription (see Q for details). In another paper these results had been extended 
to the following situation: integration over a projectable submanifold L of M^" with respect to a 
geometrically defined volume preceded by a geometrically defined formal series of differential op- 
erators yielded a formally positive linear functional whose GNS representation contained the usual 
WKB expansion of an eigenfunction of some Hamiltonian operator to its eigenvalue E provided L 
is contained in the energy surface of the classical Hamiltonian to the value E [10|. 

This paper is part II of a series of papers devoted to the study of certain star products on 
the cotangent bundle of an arbitrary manifold Q and applications of the GNS construction for 
this particular physically important situation. In part I (see P) we had prepared the ground by 
constructing a star product of standard ordered type *s (in which the first function is differentiated 
in vertical 'momentum' directions only) and a representation of this algebra where those functions 
on T*Q canonically corresponding to symmetric contravariant tensor fields T on Q (i. e. which 
are polynomial in the momenta) are mapped to differential operators on Q where T is naturally 
paired with a multiple covariant derivative with respect to some torsion- free connection on Q. This 
had been done by a Fedosov type construction. Moreover we had constructed a star product *w of 
Weyl type on T*Q equivalent to *s and a *-representation (with respect to complex conjugation) 
of this algebra as generalized Weyl ordered differential operators. 



The aim of this paper is to generalize the results of 10| to arbitrary cotangent bundles, that 
is to obtain the Schrodinger-like differential operator representation as well as the WKB expansion 
as GNS representations. Moreover we discuss some simple applications and compare our results 



with the approaches using integral formulas like for instance Underbill's quantization [p9[ and 



[26, 16, |l^] and give an elementary proof that any homogeneous star product on any cotangent 



bundle is strongly closed in the sense of [12[. 

The paper is organized as follows: Section § contains notation and results of the first part. In 
section ^ we give another independent construction for the star product *s which provides another 
way to show that this star product is differential. In section H we consider a linear functional 
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which is integration over the configuration space Q with respect to some chosen positive density 
and show that this turns out to be a formally positive linear functional. Hence it induces a GNS 
representation which is explicitly computed. In the following section ^ we mention some easy 
but physically important convergence properties and discuss simple physical examples. Moreover 
we consider particular symmetries of T*Q and their implementation as automorphisms of the 
star product algebras and as unitary maps in the GNS Hilbert spaces. We prove that involutive 
anti-symplectic diffeomorphisms have either no fixed points or the fixed-point set is a Lagrangean 
submanifold and describe such maps for certain coadjoint orbits. In section |6| we compare our 
formulas using integral formulas for the representations with other approaches already mentioned. 
Section is devoted to the WKB expansion where we generalize the previous results to the case 
of projectable Lagrangean submanifolds in a cotangent bundle. Finally we prove in section |8| that 
any homogeneous star product on T*Q is strongly closed. 



2 Preliminary results and notation 

In this section we shall remember some results from [P, |^ and establish our notation: Let Q be 
a smooth n-dimensional manifold and vr : T*(5 ^ Q its cotangent bundle with the canonical one- 
form 9q and the canonical symplectic form ujq = —(IOq. Moreover we denote by ^ the canonical 
Liouville vector field defined by i^ujo = —9q. Let i : Q ^ T*Q be the canonical embedding of 
Q as zero section. Moreover we shall fix a torsion-free connection V on Q and make use of local 
bundle Darboux coordinates g^, . . . , q^,pi, ■ ■ ■ ,Pn induced by local coordinates , . . . on Q. A 
function / G C°°{T*Q) is called polynomial in the momenta of degree k if C^f = kf and the 
set of polynomial functions in the momenta of degree k is denoted by C^i^{T*Q) and we set 
C^{T*Q) := ©^oC^,fc(^*Q)- Then C^{T*Q) is canonically isomorphic as graded algebra to 
r(\/ TQ) together with the symmetric product V via the canonical isomorphism T{\/^ TQ) 9 T i— > 
T € C^f,{T*Q) given by T{aq) := ^T{aq, . . . , Oq) where aq G T*Q. For some easy homogeneity 
properties of C^{T*Q) see e. g. HI, Lemma A. 2]. We shall use Einstein's summation convention, 
i. e. summation over repeated indices is understood. 

Throughout this paper we denote the formal deformation parameter by A which corresponds 
directly to Planck's constant h. Using the connection V on Q we had constructed a star product of 
standard ordered type *s in which is the natural generalization of the standard ordered product 
in fiat M^". A more physically star product of Weyl type having the complex conjugation as 
involutive antilinear anti-automorhism has been shown to exist and is constructed by the following 
equivalence transformation: we consider the operator 

A := dp^dq. +Pri7T*Tl^)dp^dp^ + (Tr^r^)^^^. + {n*a,)dp^ (1) 

where locally a = ajdq^ is a one-form satisfying trR = —da where R is the curvature tensor of V. 
This operator is globally defined and induces the equivalence transformation (see Section 7]) 

iV:=eA^ (2) 

which yields the star product *w by 

f*^g:=N-\{Nf)*s{Ng)) (3) 

where f,g £ C°°(T*Q)[[X\]. This equivalence is again the natural generalization of the fiat case 
and hence we shall call *w the star product of Weyl ordered type. Both star products have the 
important property of being homogeneous in the sense of |13]: the following operator 



W-a|; + A (4) 
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is a derivation of *s and *w Furthermore a representation on C°°((5)[[A]] for the standard ordered 
product *s was shown to be given by the fohowing exphcit formula 

B'f 



„ .is{^q^^)■■■is{^q^r)—D'''^p (5) 
opi^ J r. 



where / € C^{T*Q)[[X]] and ip G C°°(Q)[[A]] and where D := dq'' V Vggk justifying the notion of 
'standard ordered type' by analogy to the flat case. Then a representation for *w on the same 
representation space is given by 

Swim ■■= 0s{Nf)iJ = eUNf) 7r» (6) 

yielding the explicit formula 

= (t)''- {o£^) i.(o,,)-ija,.,)^D'i,. (7) 

In 1^] a generalization of the well-known GNS construction for C*-algebras to deformation 
quantization was proposed where the crucial ingredient is the notion of positivity in the ring of 
formal power series M[[A]] (see e. g. appendix ^). We have argued that it is advantageous to 
consider the field of formal Laurent series instead of M[[A]] which is in a canonical way an ordered 
field. Moreover it turned out that certain field extensions (the formal NP and CNP series) are even 
more suitable for the definition of the GNS representation and 'formal' Hilbert spaces. In appendix 
^ we provide several lemmata and definitions how the results obtained for the more convenient 
formal power series can be extended to these more general formal series justifying thereby our 
sloppy usage of the notion of 'Hilbert' spaces etc. In fact all relevant structures are completely 



determined in the setting of formal power series, see lemma A. 4 and A. 5 



3 Another Fedosov-like construction of the standard ordered star 
product *s 

In this section we shall give a different method to obtain the standard ordered star product *s 
as in 1^] avoiding the additional technical ingredient of a lifted connection. To do so we first 
notice that it is enough to consider C^(T*Q)[[A]] instead of C°°(T*(5)[[A]] since the star product 
is given by bidifferential operators, which are uniquely determined by their values on C^{T*Q). 
Using the canonical algebra isomorphism between T{\/TQ) and C^{T*Q) the task of finding 
a deformation of the pointwise multiplication in C^(T*Q) is equivalent to the deformation of the 
V-product in the symmetric algebra T(\JTQ). Therefore we start a Fedosov procedure similar 
to the construction in to deform the V-product using a connection on Q and show that this 
deformation is compatible to the standard ordered representation of functions that are polynomial 
in the momentum variables, giving an alternative method to construct the star product *s. 

A deformation of the V-product 

We consider the slightly modified Fedosov algebra 

W^V^A := (X^oC (F i\/'T*Q ® \/TQ ® AT*Q))) [[A]]. 

To avoid clumsy notation we drop the explicit mention of the complexification that shall be taken 
for granted. To define the important mappings we make use of factorized sections of the shape 
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Fi = \i^fi ^Si(S)ai with fi G r(V'' T*Q), S,, € r(V"'' TQ), a, € r(A"' T*Q). In addition we 
consider the obvious degree maps deg^,, deg*, deg^, and deg;^ with 

deg^Fj = SiFi, deg*Fi = diFi, deg^Fj = ajFj, deg;^Fi = gjFj. 

The additional symmetric degree with respect to deg* is referred to as dual symmetric degree. The 
undeformed multipUcation in W®\J(^K of two sections Fi, F2 is defined by 

^ o (Fi ® F2) = F1F2 := A'?i+'?2(j^ V /s) (g) {Si V 52) «) (ai A as)- 

By cr we denote the hnear map a : WCS'V'^^ ~^ F(5)[[A]] that projects onto the part of 
symmetric and antisymmetric degree zero. Given a torsion-free connection V on Q we define the 
connection V in using a chart g^, . . . , of Q by 

V := {l(^l(^dq^)Vo ., 

which turns out to be a globally defined homogeneous super derivation of the pointwise product 
of degree (0,0,1). Now we define the fibrewise associative deformed multiplication Og for F,G £ 

W(S)\/<S)A by 

Fo3G:=^oeT^^(^'^')®'^(^.'V0G, 

where i*{dq^) denotes the symmetric insertion of the one-form dq^ and is{di) denotes the symmetric 
insertion of the vector field d^i. Following Fedosov we define the mappings 

5 := {1(^1 <»dq^)is{dqi) and 5* := {dq'' ® I ® l)ia{dqi), 

which are super derivations of the undeformed product of degree (—1,0, 1) and (1, 0, —1) and for 
which the following identities hold: 

52 = 5*"^ = 0, 55* + 5*5 = deg, + deg„, V5 + 5\I = 0. 

In addition one easily verifies, that 5 resp. V are super derivations with respect to Og of degree 
(—1,0, 1) resp. (0,0, 1). In analogy to the known Fedosov construction we define 

—5*Fi for si+ai^Q 
for si + ai = Q 

with which a 'Hodge-decomposition' for any F E W®\/(^A. is valid, i. e. 

F = 55~^F + 5~^5F + a{F). 

Finally we define deg^-graded super commutators with respect to Og by [Fi,F2] := adg(Fi)F2 := 
Fi Og F2 — (—I)"! ^2 Og Fi and the total degree map Deg := 2deg_)^ -|- deg, -|- deg* being a Og super 
derivation of degree (0,0,0). The operator corresponding to the homogeneity derivation 7i as in 
(Q) is given by H := deg* -|-deg_!^ and is a (only C-linear!) derivation of Og. After these preparations 
we have the first little lemma being of importance for the construction of the Fedosov derivation: 

Lemma 3.1 For := —^^R^ijdq^^dqi^dq^ /\dq^ denoting iy R\ij the components of the curvature 
tensor of the connection V we have 

V2 = |adg(i?g), 5Rs = 0, Viig = 0. 



5-^Fi :-- 
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Proof: The first assertion is a straight forward computation and the others are just reformulations of the 
Bianchi-identities. □ 
For the Fedosov derivation satisfying 2?g = we make the usual Ansatz 

Vs = -6 + V + jadsirs) 

with rg € W^V®^^ (i- ^- deg^rg = rg) and completely analogously to the usual Fedosov procedure 
(see e. g. |8|) we obtain a uniquely determined such rg obeying the conditions (5~^rg = and 
5rs = Vrg + i?g + Og rg. Moreover rg = rg'^'* with Degrg'^^ = /erg is given by the following 

recursion formula 



rs °s rs 



\ (=1 / 

Using this recursion formula one can show by induction on the total degree that Hrg = rg and 
hence HDg = I'gH implying together with the particular shape of Og the following easier recursion 
formula 



1=1 

denoting by { ■ , • }fib the fibrewise Poisson bracket given by {F,G}{ih = is{dqi)Fi*{dq^)G — 
i*{d(l)Fis{dqi)G. Obviously this implies that rg does not depend on A at all. Moreover we have 
the following proposition: 

Proposition 3.2 W^g := fcer(Ps) n WC^V is a subalgebra of (W(8)V®^)°s) Q'^f^ ^he map a 
restricted to W-pg is a C[[X]]-linear bijection onto r{\/ TQ)[[X]]. Denoting by rg : r(\/ 7'Q)[[A]] — > 
Wx>g C W^V the inverse of the restriction of a to Wvs have the following recursion scheme 
to calculate Tg(r) for T = Ylt^o'^^^^ 

{m G N) and G T{\/^TQ): The Fedosov- Taylor series 
rs{T) = E£o^s(T)(') with Degrs(r)« = /Tg(T)« is given by 

rg(r)(°) = r(°) (8) 

rg(r)(^+i) = |'vrg(r)(^) + X E (rP^) rg(T)(^-*)^ + r('=+^) forO<k<m- 1(9) 



rg(r)(^-+i) = (^Vrg(r)W + ^gadg(rp')rg(r) j /or fc>m. (10) 

In addition the C[[X\]-linear mapping Tg satisfies 

Hrg(r) = Tg(Hr) VTGr(VTQ)[[A]]. (11) 

Proof: The recursion formula is proven analogously to Theorem 2.2] and the homogeneity of rg follows 
directly from HPg = PgH. □ 
Remark: Observing the homogeneity of rg with respect to H the recursion formula for rg (T) = 
Sfclo '^siT)(k) with (deg^ + deg;)^)rg(r)(fc) = A;rg(r)(fc) for T G T{\/ TQ) can be rewritten in a more 
convenient manner, i. e. 

rg(r)(o) = T, rg(T)(,+i) = (^Vrg(T)(,) + ^ E^^s (r^'^) Tg(T)(,_,) j . 



6 



Now the associative product T*rg for r(\/ r(3)[[A]] is defined by pull-back of Og via rg, i. e. 

S-ksT := cr{Ts{S) Og Ts{T)) 

for 5, T E r(VTQ)[[A]], that induces an associative product *s for C'^(r*Q)[[A]] by pull-back via 
the natural isomorphism ' " i. e. 

S*sT:=(S^) (12) 

for 5", T G C^(T*(5)[[A]]. We shall now prove that this definition indeed coincides with the standard 
ordered product as in Q. Using ( [ll| ) and the fact that H is a *g-derivation one can show that TL is 
a derivation of *g and thus *s is homogeneous. 

A representation of (r(VTQ)[[A]],*s) 

This subsection is dedicated to construct a representation of (r(\/ rQ)[[A]],*s), that is compatible 
with the standard representation we constructed in [Q, Section 6]. As a starting point we find a 
fibrewise representation of (WC^V) °s)- First we define the representation space 

S) := >V®Vnker(deg*) 

and the projection P : W^V Wi^y Ci ker(deg*) that projects onto the subspace of dual 
symmetric degree zero. For T G W(8)\/ and ^' € ^ we define the fibrewise standard representation 
Ps : W®V ^ End(^) by 

Ps(T)^':=P(rog^). (13) 



Lemma 3.3 The map ps is a Og-representation ofW®\J on Sj, i. e. for 5, T € W^V we have 

Ps{S Og T) = ps{S)ps{T). 

Proof: The C[[A]]-lineartity of ps is obvious and the representation property is proved by straight forward 
computation using the associativity of og and the validity of the equation P{F og G) = P{F og PG) for 
F,G € WC^y, which follows from the particular shape of og. □ 
What we have in mind is to define a *g-representation on the representation space C°°((5)[[A]] 
that can canonically be identified with Wf^V ^ ker(deg*) n ker(deg^), thus for tp £ {Q)[[X]] and 
T G r(\/ T'QjliA]] the following expression is well-defined 

Ps{T)^:=p{T*si^), (14) 

denoting by p the projection from r(\/rQ)[[A]] to the part of dual symmetric degree zero, i. e. 
C°°(Q)[[A]]. The representation property of pg can now be easily proven: 

Proposition 3.4 LefD^ he the Fedosov derivation constructed above and letr^ he the corresponding 
Fedosov- Taylor series and -kg the deformation of the V -product. Then 

VsP = PVs (15) 

and 

Ps{T)i; = p(r*sV') = a(pg(rg(r))rg(V^)) (16) 
defines a i.^-representation of T{\l TQ)[[\]] where G C°°{Q)[[X]] and T G r(VrQ)[[A]]. 
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Proof: As an abuse of notation we also denoted by P the mapping P ® 1 : W^\/^A^ yV(g)V®A^ n 
ker(deg*). Then one immediately checks that 5 and V commute with P. Moreover ads(r's) commutes with P 
due to the particular shape of og and deg*rs = rs- Using this and the obvious equation p{(j{F)) — a{P{F)) 
for _F e W it is straight forward proving the representation property of ps observing equation ( [T^ ) and 
P{F os G) = P{FosPG) br F,G €W®\J. □ 
To conclude this section we shall now show the compatibility of the representation to the 
standard representation constructed in implying that *g defined on C^(T*Q)[[A]] by pull-back 
of *s as above coincides with the standard ordered star product we considered in Q. Moreover 
the star product *s for f,g £ C°"{T*Q)[[X\] is completely determined by this construction since 
bidifFerential operators are completely determined by their values on functions which are polynomial 
in the momenta. 

Proposition 3.5 For ip G C'°°((5)[[A]] the Fedosov- Taylor series is given by 

Tsiilj) = e^ip with D := dq^ V Vq^^ . (17) 
Therefore the representation ps can be calculated explicitly for T G r(\/ 7'<5)[[A]] and is given by 

Ps{T)^ = ^ _ / - j p . . . i*[dq'r^T) i,{d^.,) . . . i,{d^.,.)-D'^ ^ (18) 

and thus 

PsiT)i; = esm- (19) 



Hence the obvious injectivity of ps implies that the product defined by (li) indeed coincides with 



Proof: The formula for Ts{ip) can be proven by induction on the total degree using the recursion formula 
given in . The equation jl^) then follows by direct calculation from the definition of the representation 
Ps in equation ([l^ ) . Clearly ( |19[ ) follows by direct comparison with (||) . □ 
At last in this section we should mention that our considerations yield an alternative proof of 
the fact that the standard representation for functions polynomial in the momenta gives rise to a 
standard ordered star product *s of Vey type since we have the following proposition: 

Proposition 3.6 For 5, T G T{\/TQ) there are bidifferential operators (r G N) on T(\JTQ) 
that are of order r in both arguments such that S-k^T can be written as 



oo /x\r 
r=0 ^ ^ ^ 



Proof: The proof is an easy consequence of the definition of *g and the fact that the mapping T{\/TQ) 3 
T 1-^ rs(T)(r) ; e r(\/' T*Q (S) \l TQ) is a differential operator of order r for all < ^ < r (where we have 
written rs(r)(r) = X]I=o (t)*^ ' '''s{T) (r) ,i) i what can be proven by straight forward induction on r using the 
recursion formula for rs(T)(r). □ 
Remark: At this instance we should mention that we use the notion of differential operators 
on the commutative, associative algebra {T{\/ TQ),\/) as a purely algebraic concept. For the 
reader unfamiliar with this point of view, we just give a short definition: By It we denote the left 
multiplication by T G T{\/TQ) that is defined to be a differential operator of order 0. Recursively 
the differential operators of order A; G N are defined by the set of all endomorphisms V of r(V TQ) 
satisfying that [T>, It] is a differential operator of order k — 1. Similarly one defines multi-differential 
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operators between modules over a commutative and associative algebra. In view of this definition 
the insertions il{f3) for a one- form /3 have to be considered as differential operators of order 1 on 
r(VrQ) since for all T G r{\/TQ) we have K(/?),Zt] = hui3)T- 

Moreover the conjugation with the natural algebra- isomorphism ' " leaving invariant the order 
of differential operators yields bidifferential operators Nr of order r in every argument on C^{T*Q) 

given by Nr{S,T) = N,.(5', T) implying that the star product *s is of Vey type. 

4 A GNS construction for a Schrodinger representation 

For a given complex number 7 let \/\\'^T*Q be the bundle of 7-densities on Q (see e. g. ^ p.ll9- 
121]): this bundle can be obtained by taking the bundle of linear frames L{Q) over Q and by 
associating the typical fibre C by means of the Lie group action of the structure group GL{n, M) on 
C given by {g, z) 1— s- | det{g)\^z. The smooth sections of \/\\'^T*Q are called complex 7-densities. In 
case 7 is real the bundle \/\\'^T*Q contains an obvious real subbundle (where the above action of 
the general linear group is restricted to the real numbers in C) which we shall call the bundle of real 
7-densities. The particular cases 7 = 1 and 7 = ^, respectively, are called the bundle of (real or 
complex) densities and half-densities, respectively. By a standard partition of unity argument there 
always exist nonvanishing sections of the bundle of real densities and hence the density bundles 
are trivial. Let us fix once and for all an arbitrary nonvanishing real positive density on Q. 
This density locally defines a Riemann integral cp f (piJ,i...ndq^ ■ ■ ■ dq^ for any continuous real- 
valued function with support in a coordinate neighbourhood U in which ^ takes the local form 
lii...ndq^ ■ ■ ■ dq"^, which is extended to all of Q by means of the usual partition of unity argument 
and Riesz' theorem to a Lebesgue integral on Q. 

The connection V now defines a unique one-form a by 

Vx/i =: a(X)/i (20) 

for an arbitrary vector field X on Q where the extension of V to the bundle of 7-densities is obvious. 
For any two vector fields X,Y on Q we get upon evaluating Vx^YfJ- — ^Y^xfJ- — the 
formula 

trR{X, Y) = -da{X, Y). (21) 

Thus having fixed the one-form a we can now take the operator A'^ as in (|2|) and pass to the star 
product of Weyl type *w given by (^) . 

Let C'Q'(r*(5)[[A]] denote the space of all formal series in A whose coefficients lie in the space 
of all those smooth complex- valued functions on T*Q whose support intersected with (the zero- 
section) Q is compact. This is clearly a two-sided ideal of (C°°(T*(5)[[A]], *yf) stable under complex 
conjugation. Moreover, let C'^((5)[[A]] denote the space of all formal series in A whose coefficients 
are smooth complex- valued functions of compact support. This space carries a C[[A]]-sesquilinear 
form defined by 

:= / ^i'f^. (22) 
JQ 

Lemma 4.1 The formal series of differential operators corresponding to the standard and Weyl 
representation and g^^ enjoy the following symmetry properties for f G C°°(T*(5)[[A]] and (/>, "0 € 
Co^(Q)[[A]].- 

(£.3 (mV') = (</>, £'s(iV'7)V'> and {gMM = {4>, qAD^^) ■ (23) 
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Proof: The first equation is proved by integration by parts analogously to the proof given in Theorem 7.3] 
where this equation had been proved for functions 4>, ip having their support in a coordinate neighbourhood. 
By writing the coefficients of cf) and in each order of A as finite linear combinations of smooth complex- 
valued functions with support in coordinate neighbourhoods of an atlas and by (anti-) linearity the local 
proof can be extended to the above statement. Then the second equation is an immediate consequence of 
the first and the definition of D 
We are now ready to define and discuss a GNS construction analogous to the one considered 
for flat M?"" in ||9|, Proposition 11]. The positive functional which we want to consider is just the 
integration over the configuration space with respect to the fixed densitiy /i: 

Proposition 4.2 Let : Cq{T*Q)[[\]] C[[A]] be the following C[[X]] -linear functional 

o^t^if) ■■= I i*fl^ (24) 



Q 



then LOn is well-defined and we have 



u;^iNf) = u;{f) (25) 

^M(/*wff)= / i*{N-'f)i*{Ng)^i. (26) 
Jq 

It follows that iOfj_ is formally positive, i. e.: 

M7*^f)= I i*(Nf)i*{Nf)f,>0 (27) 



and its Gel' f and ideal is given by 

J, = {fe C^{T*Qm] I i*Nf = 0} . (28) 
Proof: To prove (p5|), ( p6| ) and ( p7| ) it is suflicient to consider functions in /, g G Cq {T*Q) due to lemma 



A.. 5. Since i*f has compact support it follows that is well-defined. Let x be a smooth function with 
values in [0, 1] and compact support on Q which is equal to 1 on an open neighbourhood containing the 
support of i*/. Clearly, 

i*f = Xi*fx = X«*(/7r*x) = X«*(/ *s 7r*x) = XQs{f){x) 

where the second to last equality follows from the fact that the vertical derivatives of / at the zero section 
vanish outside the intersection of the support of / with Q whereas the covariant derivatives of x vanish on 
the intersection of the support of / with Q. Integrating the above equation over Q with respect to /i and 
using lemma [4.l| we get 

u^M) ^ {x,Qs{f)x) = {qs{NY)x,x) ^ I Qs{N-'f){x)Xf^^ f f) ^ uj^{N-' f). 

Jq Jq 

Hence (using the fact that N is invertible) ujq{{N ~ \d){N + id)/) = and since N starts with id it follows 
that id TV is stiU invertible on C^{T*Q)[[X]] whence w^((iV - id)/) = for aU / e C^{T*Q)[[\]] which 
proves (^5|). For equation (^ ) we get using the first one and the definition of *w that 

^M*wg) = I i*{{Nf)*s{Ng))xxt^^ I i*{{Nf)*s{Ng)Ti*x)xy' 
Jq Jq 



i*{{{Nf) *s {Ng)) *s 7r*x)x ^^ = (x, Qs{{N f) *s {Ng))x) 

{Qs{Nf)^X,Qs{Ng)x) = {qs{N1)x, Qs{N g)x) 

I i*{N-^f)xi*{Ng)xii= [ i*{N-'f)i*{Ng)fi, 
Jq Jq 
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where x chosen as above obeying the condition to be equal to one on an open set in Q containing the 
union of the supports of i* f and i*g. Then equation ( p7| ) is an obvious particular case of equation ( p^ ) and 
implies that *w /) = iff i* N f = vanishes since the integrand on the right hand side of equation 

( p7| ) is formally positive: this proves the simple formula for the Gel'fand ideal of w^^. □ 
Now we use the positive functional uj^ to define a GNS representation in the following standard 
way: Let S^^ := C'q'(T*(5)[[A]]/^^ be the GNS (pre-) Hilbert space and denote the equivalence 
class in Sj^u of a function / by -0^-. Then the C[[A]]-valued Hermitian product in Sj^ is given by 
{il^f^il^g) := *w 9) and the representation 7r^{f) is determined by 7r^(/)V'g := V'/*w9- First 

we notice that the representation vr^ is not only defined for functions in Cq'(T*(5)[[A]] but for all 
functions C^{T*Q)[[X\] since is even a left ideal in C°°(T'*(5)[[A]] which can be verified directly 
using the Cauchy-Schwartz inequality and the fact that Cq'(T*(5)[[A]] is a two-sided ideal stable 
under complex conjugation. Now we can easily state the main theorem of this section characterising 
the representation more explicitly: 

Theorem 4.3 With the notations from above we have: 

i.) The representation space Sj^ is canonically isometric to {Q)[[X]] equipped with the C[[A]]- 



valued Hermitian product (2i) via the isometric isomorphism 

^ : ipf i*Nf and its inverse : x ^ (^9) 
where f G C^{T*Q)[[X]] and x G C^miMl 
a.) The GNS representation vr^ carried to C^{Q)[[X]] via $ is just the Weyl representation g^j^-' 

'^7r^{f)^-'x = i*N{f *w vr*x) = Qw{f)x- (30) 

Proof: Using the preceding proposition the proof is very simple: First one observes that $ is indeed 
well-defined and bijective due to (OS) with inverse as stated above. Then 



{V/><,)=c.(/*w5)= / i*iNf)t*{Ng)ti= / a>(V/)<i>(V^3)A^ = ($(^/),$(V'<,)) 
Jq Jq 

due to ( p6[ ) which proves that $ is isometric. Moreover we simply calculate 

$7r4/)$-i(x) = <i>^^(/)V.-x = 'f^/^w-'x = ^*N{f *w 7r*x) 

and thus (|30| ) directly follows form the definition (^) of Q^fJ. □ 
Notice that in view of appendix ^ the whole construction can be done in the setting of formal 
Laurent or CNP series as well which justifies the terminology of 'Hilbert spaces' and 'Hermitian 
products' in sense of the definitions in Appendix A, B], in particular Cq°{Q){{X)) was shown to 
be already Cauchy-complete with respect to the topology induced by (•, •) in Theorem 7]. 

5 Several simple physical applications 

Convergence properties 

We shall briefly consider the question of convergence if one substitutes the formal parameter A by 
the numerical value h G M"*" of Planck's constant (after having chosen some suitable unit system). In 
general this is a quite tricky problem and there has been a lot of work (and success!) to understand 
the convergence properties of the (a priori) formal star products, see e. g. jll, [l^, ^, 0, |2^. In the 



situation of homogeneous star products on a cotangent bundle the problem is luckily almost trivial 
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since one has the C [A] -sub module C^(T*Q)[X\ of those functions which are polynomial in the 
momenta. Here the substitution X h makes no trouble at all since A appears only polynomially 
and furthermore the representations Qs and make C^{Q)[X\ to a C^(T*(5) [A]-submodule of 
the C°°(r*Q)[[A]]-module C'g°((5)[[A]] and thus again there is no problem to substitute A by ^ in 
the representations. We shall formulate this obvious fact not as a lemma but mention that the 
functions polynomial in the momenta are the most interesting observables for the physicist since 
in many examples the typical Hamiltonians and the typical integrals of motion are of this type. 



Physical Examples 

Now we want to consider additional structures on T*Q which are motivated by various physical 
situations: Usually the Hamiltonian of a free particle moving on Q is determined by a Riemannian 
metric g' on Q by (setting the mass of the particle equal to 1) 

1 1 • • 

Ht,,,{q,p) := -gKq){p,p) = -g'^ iq)PiPj (31) 

where G T{\/'^TQ) is the ' inverse' metric tensor. Obviously H[,^^ G C^2^*Q) where the 
corresponding tensor field is just g^ G r(\/^ TQ). In this case we shall use the Levi-Civita connection 
V^'^ of g to construct the star product *g and since the metric induces a canonical volume density 
Hg we shall use this density to define the one-form a, the corresponding operator N ^ and the star 
product of Weyl ordered type Now V^'^fig = and hence a = which leads to 

Ar = e5T^ with A = dp^dg.+pr{n*rlj)dp^dp^ + {7T*rij)dp^. (32) 
Furthermore it is easy to calculate using (|^ that the operator corresponding to Hf^^^ is given by 

QwiHf,,,) = — —Ag (33) 

where is the Laplacian of the metric g. Moreover no 'quantum potentials' in ^>w(-f^frcc) like e. g. 
a multiple of the Ricci scalar occur as in the approach of Underbill |29|. If in addition a smooth 
potential V G C°°{Q) is present then the physical Hamiltonian will be given by 

H = Ht,^^ + TT*V (34) 

and the corresponding operator is 

g^{H) = -^Ag + V (35) 

where V acts simply as left multiplication. Another important physical example is given by func- 
tions linear in the momenta since they generate the point transformations of the configuration 
space Q. Let X G C^i{T*Q) be a function linear in the momenta and let X G T(TQ) be the 
corresponding vector field then we obtain 

Qw{X) = ^(^Cx + IdwgX^ (36) 

where Cx denotes the Lie derivative with respect to X and div^X denotes the metric divergence 
of X. Note that any homogeneous star product of Weyl type * is covariant under C^ i{T*Q), i. e. 
X *Y -Y * X = iA{X,y} for all X,Y £ r{TQ) (see e. g. @ for further definitions of different 
types of invariance). 

Summarizing we observe that the well-known 'ad-hoc quantization rules' on cotangent bundles 
are obtained by deformation quantization and GNS representation in a very systematic way. 
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Symmetries of T*Q 

At last we shall discuss the action of geometrical symmetries of Q and T*Q as (anti-) automorphisms 
of the star product algebra C°°(r*Q)[[A]]. Firstly we shall remember some easy facts about the 
way (anti-) automorphisms induce (anti-) unitary maps via the GNS construction in a more general 
setting adapted form the usual C*-theory (see appendix ^ and Q for definitions, notation and 
further properties). 

Proposition 5.1 Let A,B he associative * -algebras over C := R(i) where R is an ordered field 
and P = —1 and * is an involutive C-antilinear (with respect to the complex conjugation in C) 
anti- automorphism of A resp. B. Moreover let uj : B ^ C be a positive linear functional with 
Gel'fand ideal and GNS representation tt^ on S)^ := Bj J^. Furthermore let A : A ^ B be a 
* -homomorphism and A : A ^ B be a * -anti-homomorphism. Then we have: 

i.) The functionals u) A '■= ujoA andu^ := loo A are positive linear functionals of A with Gel'fand 
ideals J a = A-^{J^) and = A-^{J^*). 

a.) Let TTA resp. tt^ be the GNS representations on S^a ■= Aj Ja resp. := A/Jj^ induced by 
UJA resp. uj^ then the maps 

(where tp^^, and V'^ denote the equivalence classes in 9)a, o,nd Sj^) are well-defined 
and isometric resp. anti-isometric and one has 

UATTAif) = 7rUAf)UA resp. U ^t, ^{f) = ^^{Af*)U ^. (38) 

Hi.) If moreover A resp. A is surjective then Ua resp. is unitary resp. anti-unitary and the 
inverse of Ua resp. is (well-defined!) given by 

U2^^g = ^j resp. Uf^Pg = i^j (39) 

where f € ^"^({5}) resp. f G A^''{{g*}). 

Proof: The proof is a straight forward computation using the (anti-) homomorphism property of A (resp. 
A) as well as the compatibility of A and A with the *-involution. □ 
A homomorphism which respects the involution will also be called a real homomorphism. 

Corollary 5.2 With the notations from above let A (resp. A) : A ^ A be a real (anti-) auto- 
morphism and let LO : A ^ C be a positive A-invariant (resp. A-invariant) linear functional, i. e. 
uj = uj o A (resp to = uo o A). Then Ua (resp. U^) : Sj^j is a (anti-) unitary map with inverse 

Uj^'4)f ='4^A-^f resp. U^^ipf ='0^_i^. and 

7tM) = UA^^UAfpA resp. ttM) = Uj'^U^flUj^- (40) 

Note that all these results are still correct if one considers an ordered ring R instead of an ordered 
field as we shall do in the following using M[[A]] and C[[A]]. 

Now we come back to the particular situation T*Q. Let (j) : Q ^ Q he a diffeomorphism of Q 
leaving invariant the connection V, i. e. S/xY = 4'*i'^(t>,x4'*Y) ^or all vector fields X,Y € T{TQ). 
Moreover we consider the canonical lift T*(p : T*Q ^ T*Q of (f) to a symplectic diffeomorphism of 
T*Q (where we use the convention such that T*cl)oi = io(j) and not i o 0^^). 
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Lemma 5.3 Let V be a (j)-invariant torsion-free connection on Q where (f) : Q ^ Q is a diffeomor- 
phism then the pull back := {T*(j))* : C'^{T*Q)[[X]] C°°{T*Q)[[X]] is a real automorphism of 
the corresponding star product *s, i. e.: 

Mf *s 9) = A^f *s A^g. (41) 

Proof: We shall only indicate the proof very briefly: First we notice that in the Fedosov setting as desribed 
in Q the map naturally extends to the whole Fedosov algebra and defines a real automorphism of 
the fibrewise standard ordered product. This is a straight forward computation using the invariance of V 
under <f>. Next one proves that commutes with the Fedosov derivation I?s using the recursion formulas 
for the curvature part of Vq. Finally one applies proposition 2.3 in and the rather obvious fact that 
Aff, commutes with the Fedosov Taylor series to prove the fact that the fibrewise automorphism induces 
indeed an automorphism of the star product, namely A^. Another possibility is given by proving ( |4l] ) by 
first restricting to functions polynomial in the momenta which turns out to be sufficient to prove ( p| ) and 
secondly using the explicit formula for the representation go, and the invariance of V. □ 
Now if A(f, is an automorphism of *s it is an automorphism of *w too, if it commutes with the 
operator which is clearly the case if the one-form a is i;^- invariant: (j)*a = a. Note that a priori 
we only know from the (/)-invariance of V that da = —trR is 0- invariant. But assuming (j)*a = a we 
obtain that A^ is an automorphism of *w as well. Note that in the case where V is uni-modular, 
i. e. trR = (and in particular in the Riemannian case with the Levi-Civita connection), with the 
choice a = this will automatically be fulfilled. 

Corollary 5.4 Let a G T{T*Q) be a one-form such that da = —trR and (j)*a = a then A^ = (T*(/))* 
is a real automorphism of the corresponding star product and commutes with N . 

Assuming in addition that we have a i;^-invariant volume density ^ we automatically obtain that 
a defined by ( pO|) is (/>- invariant. Moreover oj^ defined as in (^) is an A^-invariant positive linear 



functional and hence we can apply corollary 5.2 to obtain the following easy lemma: 



Lemma 5.5 Let both V and fi be (j)-invariant then (j)*a = a and A^ is a real *^-automorphism. 
Furthermore is Af^-invariant and the induced unitary map U(f, in the GNS Hilbert space is simply 
given by 

U^X = <P*X xeCo-(Q)[[A]]. (42) 

This lemma covers obviously all kinds of (Lie-) group actions on Q which leave invariant a connection 
and a volume density and ensures that such classical group actions are implemented as group 
actions of automorphisms of the observable algebra as well as unitray group actions on the GNS 
Hilbert space both realized by pull backs. This is of course a well-known implementation but again 
deformation quantization and the GNS representation provide a very systematical way to study 
such geometric symmetries and their realizations in quantum mechanics. 

At last we shall discuss the 'time reversal' on a kinematical level, i. e. as a geometrical property 
of the classical phase space (see e. g. fl], p. 308]): 

Definition 5.6 Let (M, uj) be a symplectic manifold and T : M ^ M a diffeomorphism then T is 
called time reversal map ifT*uj = —tu. 



Lemma 5.7 If (M, u) has a time reversal map T then T o (j) is again a time reversal map for any 
symplectic diffeomorphism (p and any time reversal map of M is obtained this way. If oj is not 
exact then T is a 'large diffeomorphism' i. e. not isotopic to the identity. If the fixed point set of 
T is a submanifold then it is isotropic. 
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In the case of a cotangent bundle we canonically have such a time reversal map namely T : T*Q 3 
OLq I— > —Uq with the additional property = id. In a local bundle Darboux chart this reads 
T : {q,p) 1-^ {q, —p) which justifies the name 'time reversal'. The following proposition should be 
well-known: 

Proposition 5.8 Let {M, iv) be a symplectic manifold and T : M ^ M a time reversal map with 
= idAf. Then the set of fixed points of T is either empty or a (not necessarily connected) 
Lagrangean submanifold of M . 

Proof: First we notice that there always exists a symplectic torsion-free and T-invariant connection V. 
Now assume that L := {p e M\T{p) = p} is not empty and let pel. Then TpT : TpM TpM has 
square \dTpM and hence it is diagonalizable with eigenspaces to the eigenvalues ±1. Clearly are both 
Lagrangean subvector spaces of TpM. Now the exponential mapping exp^ of V is locally a diffeomorphism 
and maps a neigbourhood of Op in E^ into L due to the T-invariance of V and thus the local inverse of 
expp is a submanifold chart for L in a neighbourhood of p proving thereby that L is indeed a submanifold 
(even totally geodesic with respect to V) with tangent space Ep at p for all p G L. This implies that L is 
Lagrangean. □ 
Certain coadjoint orbits carry time reversal maps with nonempty fixed-point set: 

Proposition 5.9 Let q a real finite- dimensional Lie algebra and q* its dual space. For any fJ. & Q* 
consider the coadjoint orbit through fi, i. e. := {exp(ad*(^i)) • • • exp(ad*(^„))/x € g* | n G 
N,6,---,en eg}. 

i.) Let furthermore s : q ^ q an involutive automorphism of Lie algebras (i. e. s^ = idgj. 
Then g* decomposes into the direct sum of the eigenspaces t* and m* of s* , the dual map 
to s, corresponding to the eigenvalues 1 and —1, respectively. Pick /x € m* and consider the 
coadjoint orbit through /i. Then the map T : — > C^j defined by the restriction of —s* 
is an involutive time reversal map of the symplectic manifold with its Kirillov-Kostant- 
Souriau form whose fixed point set is equal to the intersection of m* and O^. 

a.) For each element fj, in the dual space g* of a semisimple compact Lie algebra g there is an 
involutive automorphism s of Q such that /i is in the eigenspace m* of s* . In view of i.) it 
follows that every coadjoint orbit in g* with semisimple compact g admits an involutive time 
reversal map with nonempty fixed point set. 

Proof: i.) Since s*ad*(^) = ad*(s^)s* it follows that —s* restricts to Op whence T is well-defined and the 
fixed point set is equal to the intersection of the orbit with m*. Moreover, this implies that for all £,,ri G Q 
and I' £ we have T^T^q (i^) — {s(,)o [Tv) for all the vector fields {v) — a.<l*{£)v implying that 

{T*u;){v){(,oM^mM) = = -KK,^]) = -u;{v){^oM.mM)- 

a.) Identifying the Lie algebra and its dual space by means of the Killing form we can put /it G g in some 
Cartan subalgebra it) of g. Using the root space decomposition 

0=^M(X„-X_„) ©if) © ^Mi(X,+X_„) 

aeA aGA 

where A is the set of all roots of g, and are normalized vectors in the eigenspaces g^ (see p. 182] 
for definitions and details) we see that the first summand is a subalgebra 6 of g whereas the second plus the 
third summand is a subspace m of g such that [6, B] C f , [J, m] C m, and [m, m] C where we have made 
use of |2^, Theorem 5.5]. Hence g is an orthogonal symmetric Lie algebra (see [^l|, p. 213]) where s can be 
defined by being 1 on J and — 1 on m. □ 
Now we come back to cotangent bundles and consider a Fedosov star product of Weyl ordered 
type *w on T*Q then we have the following lemma which is proved directly using the Weyl type 
property and the homogeneity of *w: 
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Lemma 5.10 The canonical time reversal map T induces via pull back a real anti- automorphism 
of any *w on T*Q, i. e. for any f,g £ C°°{T*Q)[[X]] and At := T* we have 

Axif *^ g) = Atq*^ Axf. (43) 

Since At is an anti-automorphism of *w we obtain an anti-unitary map Ut in each GNS Hilbert 
space f)^ since obviously oj^ o At = uj^ for ah volume densities fi. As expected it turns out that 
Ut is just the complex conjugation of the wave functions: 

Lemma 5.11 Let At be the time reversal *yf- anti- automorphism and let uj^ be the positive linear 
functional as in then the induced anti-unitary map Ut in the GNS Hilbert space Cq°{Q)[[X]] 
is given by complex conjugation 

UtX = X xGCo^(Q)[[A]]. (44) 



6 Comparison with other approaches and integral formulas 

In this section we shall compare our differential operator representations we constructed to some 
different approaches using integral representations. Before we can translate our explicit formulas 
to integral expressions we have to substitute the formal parameter A by the real positive number 
h G which is done most easily by restricting to functions polynomial in the momenta. The 
substitution A i-^ /i € M'^ is denoted by . . . \\=fi- In general the integral expressions will be well- 
defined for a larger class of functions namely certain symbol classes which are smooth functions on 
T*Q with controllable fibrewise increase. Then our formal results can be obtained by asymptotic 
expansions. 

First of all we shall show that the integral expression given by |26| in the framework of sym- 



bol calculus when applied to functions that are polynomial in the momenta coincides with the 
representation Qs we introduced in a purely algebraic fashion. Moreover we define some integral 
representations that are quite natural generalizations of the Weyl quantization in the case of flat 
r*M"' (c. f. p^ ) and have been already studied by |1(:, ^ in the case of a Riemannian manifold Q. 



In so far our results are generalizing since we drop those technically simplifying preconditions. On 
the other hand we can show that this alternative approach to a Weyl quantization directly yields 
(when applied to polynomial functions in the momenta) the Weyl representation we used to define 
our star product *w in order to do the GNS construction. 



6.1 An integral expression for the standard representation 

In the flat case it is well-known that the standard representation QsiT) of T G C^(T*R'*) applied 
to a function (p £ C^(M"') can be given by the integral representation: 

(esm){q) = [ fiq,p)[ e--^^P'^U{q + v)d-vdy, 

and therefore we first report on the generalization of such an expression as it has been proposed in 
m and give an analogue that can be defined pointwise for a fixed q € Q hy integrations over T*Q 
and TgQ using the canonical symplectic volume form 0,g on TgQ x T*Q. The expression (f){q + v) 
in the above formula obviously makes no sense in the case of an arbitrary manifold Q but can be 
viewed as (pi^^Pgivq)) for Vg G TgW^ denoting by exp the exponential mapping with respect to the 
flat connection. In general the exponential mapping not being globally defined we aim to define such 
an expression just in a neighbourhood of Og. To do so, we choose an open neighbourhood O C TQ 
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of the zero section that is mapped diffeomorphicahy to an open neighbourhood of the diagonal 
in Q X Q by vr X exp. By possibly shrinking this neighbourhood we may assume that for every 
Vq € 7r~^(g) n O also —Vg is contained in vr~^(g) fl O. This will be important for the definition of 
the Weyl representation later. By Urysohn's lemma there is a smooth function x ■ TQ — > [0, 1] and 
an open neighbourhood O C O of the zero section such that xIq — ^ ^'^d supp(x) ^ O. Using this 
so-called cut-off function we may assign to any smooth function (j) on Q a function <pg E CQ°(TgQ) 
by 

^xc„ ^ ._ / xK)0(exp,K)) for Vg e tt ^(q) n O 



'^i^^'i^-] else. 



After these preparations the mapping 

Sif) : C-iQ) ^ ^ - - /^^^e-t-K)0X(,^)O,j (45) 

is obviously well-defined for T € C^(T*Q) by well-known properties of the Fourier transform. At 
first sight it might seem that this expression depends on the special choice of the function x, what 
actually is not the case for functions polynomial in the momenta, and in addition it is a priori not 
clear whether the function S{T)(p is again a smooth function. But we have the following: 

Lemma 6.1 For all f G C^{T*Q) and cf) G C°°(Q) we have 

S{f)(t> = Qs{f)^\x=n. 

Proof: First of all we notice that {S{T)(j)){q) is defined independently on the choice of the basis of TqQ 
and T*Q one introduces to carry out the integrations, therefore it is convenient to use a coordinate basis 
induced by a normal chart around q. In addition it suffices to prove the assertion for homogeneous T. By 

an obvious calculation one gets {S{f)<t)){q) = (f ^T'^-^-iq) ^""^'^""^ 



. Now by construction of the 

0,, 



cut-off function x all its derivatives at 0, vanish and we get the coordinate expression for (f?s(2^)0)('Z)|A=s 
in a normal chart around q proving the assertion since in a normal chart around q the symmetric covariant 
derivative is given by {D^(t>){q) = -g^S^ilW' V ... V dq'" (c. f. |, Lemma A.9]). □ 

6.2 An integral expression for the Weyl representation 



Again motivated by the flat case in [16, [T^] an integral expression has been introduced to generalize 
the Weyl quantization in the following manner. For 0, ■0 € C^{Q) and T G C^{T*Q) one considers 
using the same notation as in the preceding subsection the mapping 

W(f ) : (<^, V) - (^9 - ^ f{ag) ^ ^ e-f'^^(^^^^^i^)^p^{vg)ng^ , 

that shall serve as an integral kernel to deflne the Weyl representation W{T)'ip by its 'Matrix 
elements' (0, W(f := /g W(f ^/;) fi. This is clearly well-defined, since {C^{Q), ( • , • )) is a 

pre-Hilbert space and as we shall see in the next lemma W(r) is a differential operator acting on 
the functions cj), ip. 

Lemma 6.2 V\l{T){(p,tp) is defined independently on the choice of the cut-off function x o-nd in a 
local chart of Q it is given for T G j^{T*Q) by 

W(f)(,^,V^) = U^yi:(dq^^)...i:{dq^'')T 
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k 

hence it obviously is smooth, and since the functions (j), ip have compact support this implies that 
jQ\N[T){(j),ip)^ is well-defined. 

Proof: By a straight forward computation as in the case of the standard representation using a normal 
chart around q one obtains W(f)((/.»(g) = ^ {^^ T'^-^^iq) 



„ i, „ , . By the Leibniz rule 

Vq=Qq 

and the construction of x oug gets the assertion observing the shape of the symmetric covariant derivative 
in a normal chart around q. □ 
After this preparation we can state the following Lemma: 

Lemma 6.3 The Weyl representation 'W{T)iIj being well-defined by the equation {if), 'W{T)'ip) = 
jQ\N{T){(f),^) ^ coincides with the Weyl-representation g^f defined as in after the substitution 
X 1-^ h, i. e. 



where N is given as in 



Proof: The proof is an easy but lengthy calculation using iterated integrations by parts in the same fashion 
as they were nessecary to prove the equations □ 



Finally, note that other approaches like Underhill's (see |2^) use compactly supported half- 
densities as representation space instead of compactly supported functions on Q. But although 
there is an isomorphism between these spaces by choosing a fixed positive density and assigning 
to (/) € C^{Q) the half-density (j) = 4>ij}^'^ the corresponding operators turn out to differ e. g. by 
additional terms proportional to times the scalar curvature for the free particl Hamiltonian (|3l|) : 
this difference is due to whether the reference density pulled-back by means of the exponential 



map or not, see e. g. |16, 518-520] for a detailed discussion. 



7 WKB expansion for projectable Lagrangean submanifolds 

In this section we shall discuss how the usual WKB expansion can be formulated in the framework 
of deformation quantization using particular GNS representations in the case of cotangent bundles. 
We consider here a Hamiltonian H € C°°{T*Q) and assume that for a fixed energy value G M in 
the image of H there exists a Lagrangean submanifold contained in H~^{{E}), i. e. 

H\Lp = E (46) 

which is furthermore given by the graph of a closed one-form (3 € T(T*Q), i. e. 

Lf, = graph(/3) = {a^ e T*Q \ G Q : = f3{q)} . (47) 

Such Lagrangean submanifolds are called projectable and it is well-known that d/? = is equivalent 
to the statement that graph(/3) is Lagrangean, see e. g. [||, Prop. 5. 3. 15]. For later use we denote 
by 

ip:Lp^ T*Q (48) 

the embedding of in T*Q. Since dp = we have dTT*P = which implies that the vector field 
X E T{T{T*Q)) defined by ix^o = is symplectic with the following well-known properties (see 
e. g. i Sec 3.2]: 
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Lemma 7.1 Let (3 € T{T*Q) he a closed one- form then the symplectic flow (ps of the symplectic 
vector field X defined by ix^o = 7r*/3 is complete and given by 



(t)s{aq) =ag- s/3{q) (49) 

for Oq €T*Q and s G M and for L^/j := graph(s/3) we have 

(P-s{i{Q))=is^{Ls(3)- (50) 

Clearly (j)-s determines a diffeomorphism ^3 : Q ^ Lgp by g 1— > sl3{q) such that 

<i)-sOi = is(3 0^s (51) 

for all s G R. For s = 1 we obtain from (|46| ) and (|50| ) 

i*^*_^H = E. (52) 

Until now the setting was completely classical and we shall now construct a quantum mechanical 
automorphism as analogue to (j)s using Appendix]^: Since d-n* (3 = the quantum mechanical time 
evolution with respect to this one-form determines a one-parameter group of real automorphisms 
As : C^{T*Q)[[\]] C°°(r*Q)[[A]] of the star product *w of the form 

00 

As = 4)^0 Ts where T, = id + ^ A'^T]'^) (53) 

r=l 

(r) 

and each Tg is a differential operator which can be computed in principle by iterated integrals as 
in appendix 0. Note that Agii* = it*. Then the image of the two-sided ideal C'q'(T*(5)[[A]] under 
As is again a two-sided ideal stable under complex conjugation since As is real and it can easily be 
determined: let ^{T*Q) be the set of those functions / such that supp/ fl ispiLsp) is compact, 
then we have the following lemma: 

Lemma 7.2 With the notations from above we have for all s £M. 

As {C^{T*Q)m) = CrjT*Qm] (54) 
and hence the C[[X\]-linear functional 

Us := co^ o A.S : CrjT*Q)[[X]] ^ C[[A]] (55) 
is well-defined and positive and for f € i'^*Q)[[M] '^^ have 

^sU)=l K/siT-sif)) IJ-s where //^ := (56) 

Proof: Equation (H^) follows easily from ( ^3|) and ( |50| ) since Ts^"^ is a differential operator. Then the well- 
definedness of cOs is obvious and the positivity follows from the fact that A-s is a real >i=w-automorphism. 
Equation is a straight forward computation using ( ^ and (|53|). □ 
Now we can apply proposition |5.1| and consider the GNS representation tTs induced by uis on 



the Hilbert space ^i^ := C£° {T*Q)[[X]]/ Js where Js is the Gel'fand ideal of uJs- 
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Lemma 7.3 The Gel'fand ideal Js of ujs is given by Js = ^s(^j) and Sjg is canonically isometric 
to C^{Lgp)[[X]] endowed with the Hermitian product 



{x,f)s-= Xf fJ-s where x, V ^ C^f (L,^)[[A]] (57) 
via the C[[X]]-linear unitary map 

ip^p 1-^ <^^^* i* N A^s{f) o-nd its inverse x ^ ^n*^*x^ ^^^^ 



where f G C'£°„(^*Q)[W] (in'd x ^ C'^(-Ls/3)[[A]]. Moreover As induces due to proposition 5.1 a 



unitary map Ug ■ C^{Q)[[X]] Cq°(I/s^)[[A]] which is given by 

Us-. X^ for X G C^iQmW (59) 

and the induced GNS representation vr^ on C^(-Ls/3)[[A]] is given by 

vr.(/)x = UsQ^{A.sf)U-'x = K'*Q^iA^sfWsX (60) 
for all f G C-(r*Q)[[A]] and x G C^iLsp)m. 

Proof: It is a straight forward computation to prove that the first map in (^8|) is well-defined, bijective 
and has the inverse as in ( ^8|) due to AsTt* — tt* — Nn*. The fact that (|5^ ) is isometric is computed the 



same way. Using the definition of the unitary map as in proposition 5A and ( pSj) the equations (^9|) and 
( |60[ ) easily follow. □ 
The WKB expansion is now obtained form the following eigenvalue problem: We consider the 
case s = 1 then L(3 C H-^{{E}) and is valid. Then we ask for an eigenfunction x S Co*^(-^/3)[[-^]] 
of TTi{H) with eigenvalue E, i. e. 

7r,{H)x = Ex (61) 
and due to (l60|) it is equivalent to the corresponding eigenvalue problem in C'o°(Q)[[A]] namely 

Q^{A^iH)x = Ex (62) 

where x = ^iX- Now (^) is in each order of A a coupled linear partial differential equation 
for Xr £ C^{Q) if we write x = YlT^o^^Xr- Hence it is well-defined to ask for a solution in a 
distributional sense, i. e. we ask for x £ C'o°(Q)'[[-^]] to solve ( |6^ where Co^iQ)' denotes the space 
of distributions on Q which is obtained as usual as the topological dual of C^{Q) with respect to 
its locally convex topology. The main observation is now that we get a linear (first order) partial 
differential equation for the Xr which can be solved recursively. The result is a straight forward 
computation expanding (^) in powers of A completely analogously to Theorem 3] (where we 
used a slightly different notation): 

Theorem 7.4 (Formal WKB Expansion) Let H G C'^{T*Q) and Lp C H-\{E}) be a pro- 
jectable Lagrangean submanifold such that = graph(/3) with (3 G T{T*Q) and let As be the 



one-parameter group of automorphisms induced by j3. Then the WKB eigenvalue problem (6i) 
for X = Yl^=Q^^Xr & Co°(Q)'[['^]] 'i'S equivalent to the following recursive system of linear first order 
partial differential equations for x- 
The homogeneous WKB transport equation for xo 

7r*xo} + (^'^-1^ + ^UT^Hii) XO = (63) 
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and the inhomogeneous WKB transport equation for Xr, f 



a + b+c+d=r+l 
a,b,c,d>0,d<r 



where A as in ^ and Ma is the following hidifferential operator as in the standard ordered repre- 
sentation, i. e. 



(65) 



and t'^I as in l{5, 



Proof: The proof is a simple computation of Q^ff{A^lH)x by expanding this in powers of A and (^). □ 
Note that the question whether this system has a formal solution x whether this solution 
can be 'sumed up' to an eventually regular distribution after the substitution A — > is not answered 
by this theorem. Nevertheless it provides a rather explicit recursion scheme for the formal eigendis- 
tribution x (the only problem are the operators which are less explicit but could be computed 
by iterated integrals as in appendix In physical applications the Hamiltonian is often of the 
form (34) and in this case the above recursion scheme is simplified even more due to the following 



(c) 

lemma which implies that in the WKB transport equations all terms involving the operators T_l 
with c > 1 applied to such Hamiltonians vanish and thus all operators in the recursion are explicitly 
given. 

Lemma 7.5 Let H G C^{T*Q) be at most quadratic in the momenta and let (3 G T{T*Q) he a 
closed one-form and Ag = (j)*o Tg the corresponding time development operator. Then AgH = (j)*H 
and thus TgH = H . 

Proof: This is a simple consequence of the homogeneity and the Weyl type property of *w D 
Note furthermore that the usual WKB phase can be recovered by the same argument as in [|^] 

form the *^-automorphism Ag interpreted as the conjugation by the star- exponential e*^ « = 
e~fi~ (see ^] for a definition) where locally 5 is a solution of the Hamilton Jacobi Equation, i. e. 
dS = (3 and A is substituted by h. 



8 The trace for homogeneous star products on T*Q 

This section was motivated by a conversation with Markus Pflaum who proved a particular case 
of the result we present in this section by using symbol calculus for pseudo differential operators 
on Riemannian manifolds (cf. ||2^). Compare also with for the case of a compact Riemannian 
configuration space where another calculus for pseudo differential operators was used. 

We shall show in this section in a more algebraically way that the integration over T*Q is a 
trace (i. e. a linear form vanishing on star-commutators of two functions where one has compact 
support) for all homogeneous star products and hence all homogeneous star products are strongly 
closed in the sense of [12]. In particular the star products *s, *w! and the Fedosov star product *f 



defined in pi are strongly closed. 
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Lemma 8.1 Let D : C°°{T*Q) — s- C^{T*Q) be a homogeneous differential operator of degree —r 
with r >1, i. e. [C^,D] = —rD, then 



f D{g) n = (66) 
Jt*q 



'Q 

for all g G C^{T*Q) where = is the symplectic volume form. 

Proof; First we consider a function g such that suppg is contained in the domain of a local bundle chart 
with coordinates g^, . . . , . . . ,p„. Then due to the homogeneity D is locally given by 

I,K with |/|>r 

where we used the usual notation for multiindices I — {ii, . . . The homogeneity of D implies C^Df = 

(|/| — r)Df for the coefficient functions Df . Let I := \I\ and /' (ii, . . . then 

'^''H ' dppdq^< dprdq^ dpjdq^ 

since |/| > r > 1. Hence we can conclude by induction on ^ > r since for I = r the first term vanishes due to 
the homogeneity of Df that there exist smooth functions N^j defined in the domain of the chart such that 



dpidq'< -""^'l^^^J^^J dpjdq'< 



which clearly implies ( |66| ) for such g. Now let g e C§°{T*Q) be arbitrary then using a partition of unity g 
can be decomposed into a finite sum of functions each having their support in the domain of a bundle chart. 
With the local argument from above the proof is completed. □ 

Corollary 8.2 Let * be a homogeneous star product for T*Q and let T £ C^i^{T*Q) and g € 
C^{T*Q) then 

k 

[ f*gn = y2^"f Cr{f,g)n (67) 
Jt*q ^ Jt*q 

and analogously for jj,:,Q g * T 0, where Cr denotes the bidifferential operator of* in order . 

Lemma 8.3 Let * be a homogeneous star product for T*Q and T E C^(T*(5)[[A]] and g G 
Co~(T*Q)[[A]] then 

^f*g-g*f) n = 0. (68) 



IT*Q 

Proof: Firstly we can assume that suppg is contained in the domain of a bundle chart and extend the 



statement afterwards by a partition of unity argument as in the proof of lemma S.l. Since in such a 
chart any T G C^{T*Q)[X\ can be written locally as a *-polynomial in functions at most linear in the 
momenta with coefficient in C[A] (due to ||, Prop. 3.7. ii]) it is sufficient to consider such polynomials. 
Clearly Jj,.Qin*x *9~9* vr*x) 17 = for x G C°^{Q) and for X G C^^i{T*Q) we obtain from ^ 

( iX*g-g*X)n^X f {C,iX,g)-Ci{g,X))n = iX f {X,g}n = 
Jt'Q JT'Q Jt'Q 

since the integral over a Poisson bracket vanishes. Now a simple induction and the C[[A]]-linearity of / . . ■ 
completes the proof. □ 
Finally we have to extend the statement of this lemma to arbitrary smooth functions: 
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Lemma 8.4 Let D be a differential operator with compact support such that for any T E C^{T*Q) 
the integral of D{T) Q over T*Q vanishes. Then for any function f G C°°{T*Q) 

[ D{f) 17 = 0. (69) 

JT-Q 

Proof: We shall prove this by induction on the order of D. If _D is a differential operator of order then 
it is just a left multiplication by a function Dq having compact support. Now if /^.g Dt^T 57 = then 
— since the functions polynomial in the momenta are uniformly dense on any compactum in all smooth 
functions due to the Stone- WeierstraB theorem. Now let be a differential operator of order k and we may 
again firstly assume that suppi? is contained in a local bundle chart and extend the result afterwards by a 
partition of unity. Writing D{f) ~ X]|/|<fe ^aJ/ obtain by integration by parts that 

•'^ ^ •'^ '•^ \i\=k |/|<fc 

is a differential operator of order A: — 1 and obviously /^.g D{T) — Q for all T e C^{T*Q). Hence by 
induction the proof is complete. □ 
Collecting the results we obtain that any homogeneous star product on T*Q is strongly closed: 



Theorem 8.5 Let * be a homogeneous star product for T*Q and f,g(z (T* Q)[[X\] where the 
coefficients of g have compact support. Then we have 

I {f*g-g*f)n = (70) 
Jt*q 

and hence any homogeneous star product is strongly closed, in particular *s, and *p. 

A Formal completed Newton-Puiseux series 

In this appendix we shall briefly remember the definition and some basic facts about formal Laurent 
series, formal Newton-Puiseux series (NP series) and formal completed Newton-Puiseux series (CNP 
series). For proofs and further references we mention 1^, 28 1. These formal series will generalize 
the formal power series in a natural way allowing more general exponents of the formal parameter. 
We define the allowed exponents in the following way: a subset S C Q is called L-admissable iff S 
has a smallest element and 5 C it is called NP-admissable iff it has a smallest element and there 
exists a natural number such that • S* C Z, it is called CNP-admissable iff S has a smallest 
element and S D [i,j] is finite for any i,j £ Q. Now let K be a field, V a vector space over K and 
f : Q —f V a map, then we define the A-support supp;^/ of / by supp;^/ := {<? G Q | f{q) / 0}. 
Then the formal Laurent series, the formal NP series and the formal CNP series all with coefficients 
in V are defined by 

V{{X)) := {/ : Q ^ y I suppj is L-admissable } 
V{{X*)) := {/ : Q ^ F I snpp^f is NP-admissable } (71) 
V{{X)) := {/ : Q ^ y I suppj is CNP-admissable }. 

Note that clearly ^((A)) C V{{X*)) C V{{X)) are all K-vector spaces. Moreover we denote by V{X) the 
subspace of V{{X)) of those elements with finite support and similarly V{X). An element / G ^^((A)) 
is now usually written as formal series in the formal parameter A 

/= Yl where /,:= /(g). (72) 
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Then the vector space structure of V{{\)) means just addition of the coefficients of the same power 
of A and scalar multiphcation of each coefficient and the vector space V itself can be identified 
with the subspace of those elements in V{{X)) with exponent via the linear and injective map 
V 3 V i-^ X^v € V{{X)). Note that V{{X)) and hence all its subspaces can be metrisized by the 
following construction: we define for / / G ^((A)) the order o(/) := min(supp;^/) and set 
o(0) := +00 and define </?(/) := 2-°(/) resp. (^(0) = and for f,g £ V{{X)) we set 

dM,9)-=vif-g) (73) 

which turns out to be an ultra-metric. Then T^[[A]] and V{{X)) are known to be complete metric 
spaces with respect to and V[X] is dense in 1^[[A]] as well as V{X) is dense in V{{X)). Moreover 
it was shown in @ that ^((A)) is a complete metric space too and V^(A) as well as V{{X*)) are 
dense subspaces. The topology induced by d^p is usually called the A-adic topology and the induced 
topology for V C V{{X)) is the discrete topology. 

Next we consider an algebra A over K and define for a,b -^{{X)) a product by 

ab=l I E ^= E A* a,6, (74) 

yijGsupp;^a J \ypesuppxb ) tGsupp;^a+supp;^6 q+p=t 

where supp;^(a6) = supp_!^a + supp;^6 := {q + p \ q £ supp_!^a,p € supp;^6} which turns out to be 
again a CNP-admissable subset of Q. Note that in each order of A the sum is finite and hence ab is 
again a well-defined element in ^((A)). The following proposition is proved as in the case of formal 
power series: 



Proposition A.l Let A be an algebra over K and let A{{X)) be endowed with the product (7^) then 
A{{X)) is again a K-algebra which is associative resp. commutative resp. unital iff A is associative 
resp. commutative resp. unital. Moreover A[[X]] C ^((A)) C ^((A*)) are subalgebras ofA{{X)). Let 
in addition V be an A-module then 1^((A)) resp. V{{X*)) resp. V{{X)) is an ^((A))- resp. A{{X*))- 
resp. A{{X)) -module with the multiplication analogously to ^7^). 



In particular one can show that (74) applied for the field K itself defines on K((A)) resp. K((A*)) resp. 
K((A)) again the structure of a field and in this case (p defines a non-archimedean and non-trivial 
absolute value for these fields. In the case when K is algebraically closed the Newton-Puiseux 
theorem ensures that K((A*)) is again algebraically closed and by Kiirschak's theorem one obtains 
that K((A)) is algebraically closed too and metric complete with respect to d^. These two features 
were the main motivation to consider formal CNF series instead of formal power series or formal 
Laurent series. As application of proposition |AT| one obtains that V{{X)) resp. V{{X*)) resp. V{{X)) 
are vector spaces over the fields K((A)) resp. K((A*)) resp. K((A)). 

In a next step we consider linear mappings between vector spaces of formal series. Let V and W 
be vector spaces over K and <j) : V ^ W a. K-linear map. Then there exists a unique K[[A]]-linear map 
'P ■ ^[[M] ~^ ^[[M] such that (f)\V = (f) which is simply obtained by the 'K[[A]]-linear continuation' 
of (j). The same result is true for formal Laurent, NP, and CNF series and for simplicity we shall 
always identify <p with its continuation and use the same symbol. Using this identification we get 
the following natural inclusions: 

Hom^iV,W)[[X]] C HomK[[A]](V^[[A]],H^[[A]]) 
HomK(y,T^)((A)) C HomK((A))(F((A)),VF((A))) 

HomK(F,I^)((A*)) C HomK((A*»(^((A*))'^P*))) ^ ' 

HomK(y,iy)((A)) C HomK((A»(l^((A)),I^((A))) 
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Similar inclusions are valid for multilinear maps as well. In the case of formal power series it 
is known that any K[[A]]-linear map (j) : 1^[[A]] — > VF[[A]] is of the form (j) = Yl^o^^^r with 
(pr G HomK(T^, VF) and hence the first inclusion in ( [75[ ) is in fact an equality ]l5| , Prop. 2.1]. This 
is in general no longer the case for the other three inclusions: let dim V = oo and dim W > and 
let {e^jnGN be a set of linear independent vectors in V and hence they are still linear independent 
over K((A)) in V{{X)). Complete this set to a base of V{{X)) by some vectors {fu}uei and define a 
K((A))-linear map (p : V{{X)) W([X)) by (/>(e„) := A~"u; and (j){fu) ■= where ^ w €W is some 
chosen vector. Then clearly (p HomK(V, VF)((A)). Nevertheless we are mainly interested in those 
linear maps which can be written as formal series in K-linear maps. 

Now we consider certain continuous functions between vector spaces of formal series: let V, W 
be K-vector spaces and let T : V{{X)) W{{X)) be a not necessarily linear map such that there 
exists a g G Q such that 

o{T{v) - T{v')) > o{v -v')+q (76) 

for all v,v' € V{{X)). Then we say that T raises the degree at least by q. For such maps we have 
the following property which is proved straight forward: 

Lemma A. 2 Let T : V{{X)) — s- W{{X)) be a map raising the degree at least by q €z Q. Then T is 
Lipschitz-continuous with respect to the metric d^p with Lip schitz- constant 2^^. In particular those 
K{{X))-linear maps of the form cp = J2qesupp^<t> '^'^'l^g ^ Horn k (V^, W^) ((A)) are Lipschitz-continuous 
with Lipschitz- constant 2" i^^^PPx^) . The same is true for formal power, Laurent, and NP series. 

Then a nice consequence of the metric completeness of y[[A]], V{{X)), and V{{X)) is the following 
formal version of Banach's fixed point theorem: 

Proposition A. 3 (Formal Banach's fixed point theorem) Let K be a field and V a vector 
space over K and T : V{{X)) y{{X)) a map raising the degree at least by q > 0. Then there exists 
a unique fixed point vq G V of T, i. e. 

T{vo) = vo (77) 

and vq can be obtained by vq = lim„_^oo r"(^^) where v £ V{{X)) is arbitrary and the limit is with 
respect to the X-adic topology. The same result holds for formal power series and Laurent series. 

Note that the proposition is not true in general for the formal NP series since V{{X*)) is not Cauchy- 
complete. The above proposition is useful in many situations in deformation quantization where 
one has to 'solve an equation by recursion', e. g. in the construction of Fedosov star products or 
for the construction of the time development operator (see e. g. appendix P). 

In the following we shall consider the possibility to extend several structures which are defined 
for formal power series to formal Laurent, NP, and CNP series. In particular we are interested in 
algebra deformations in the sense of Gerstenhaber (see e. g. ||2^): Let (^, ^o) be an algebra over 
K and let Hi : A x A ^ A he bilinear maps for i > 1. Then we consider the formal deformation 
(^[[A]],/x) where n := X^^o -^'"'"^ ^ ^ module over K[[A]]. (Usually one has additional conditions 
for the deformation /j,, for example it should be associative if /xq is associtive etc.) 

Lemma A. 4 Let {A, no) be an algebra over K and let {A[[X]],fi = X]-^o ^^^l^r) be a deformation of 
{A, Ho)- Then {A{{X)),n) resp. {A{{X*)),n) resp. {A{{X)),fi) are algebras over K{{X)) resp. K((A*)) 
resp. K((A)) which are associative resp. Lie resp. commutative iff {A[[X]], fi) is associative resp. 
Lie resp. commutative. Let (S[[A]],/i) be another deformed algebra and (p : ^[[A]] '^[[A]] a 
K[[A]]-/mear map. Then (p is an (anti-) homomorphism of K[[X]] -modules iff the extension (p : 
{AiX)),ii) ^ (S((A)),/i) resp. <P : {A{{X*)),^^) ^ (^((A*)),/i) resp. <P : (^((A)),/x) ^ (e((A)),/2) is 
an (anti-) homomorphism o/ K((A))- resp. K((A*))- resp. K{{X)) -algebras. The same is true for a 
K[[X]]-linear derivation D of {A[[X]], fi). 
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This easy lemma is very useful since it justifies to perform many calculation only in the setting of 
formal power series and extend the results afterwards. 

A last important concept in particular for the general GNS construction as proposed in is the 
notion of positivity. Here we consider an ordered field R and a quadratic field extension C := R(i) 
where := —1 (Of course we have in mind to use the fields of real and complex numbers). Then 
R[[A]] is an ordered ring and R((A)), R((A*)), and R((A)) are ordered fields by the following definition: 
an element a = J^qesupp^a'^'^'^g called positive iff a^g > in R where qo := min(supp;^a). 
Complex conjugation in C is defined as usual and extended to C[[A]], C((A)), C((A*)), and C((A)) by 
the definition that the formal parameter (and all its powers) should be real: A := A. Note that the 
topology induced by the order coincides with the metric topology induced by d^. 

Now let {A, fio) be an associative C-algebra and /x = Yl'^o f^r an associative deformation of 
jiQ. Let moreover * : >4.[[A]] -4[[A]] be an involutive C[[A]]-antilinear anti- automorphism of the 
form * = E^o^'^*' ^ ^omK{A,A)[[X]]. Then a C[[A]]-linear functional w : ^[[A]] ^ C[[A]] is called 
positive iff for all A € -4.[[A]] we have a;(/x(A*, A)) > in R[[A]] C C[[A]] and analogously for formal 
Laurent, NP, and CNP series. Then the following lemma shows that the positivity of a linear 
functional is already determined by the elements in A: 

Lemma A. 5 Let A, fj, and * be as above and let uj : ^((A)) C((A)) be a C{{X)) -linear functional 
of the form uj = X^qgsupp;^aj •^''^g ^ (where A* denotes the algebraic dual of A) such that 

for all A £ A one has uj{fj,{A* , A)) > 0. Then uj is a positive functional on A{{X)). The analogous 
result holds for formal power, Laurent, and NP series. 

Proof: Let A = X^^esupp a ^'^^q ^ A{{X)) then we have to prove ^(^1*^1) > 0. Using the Cauchy-Schwartz 
inequality for uj applied for Aq G A which is valid due to the assumption we notice that if u}{A*Aq) = 
then non of the terms involving Ag in uj{A*A) contributes. Hence we can assume that uj(A*Aq) > for 
all q e supp;^A. Now let supp;^A = {go < < • • ■} and we can furthermore assume go = 0. Let c :— 
ui{AqAo) > 0, a := uj{A*^Aq^) > and b := ujlAgAq^) then the positivity of w applied for Aq and Aq^ impHes 
uj{A*q^Ao) = 5and 65<ac. This implies on the other hand that w((Ao+t A5J*(Ao + tA, J) = at"^ + {b+b)t+c 
is non- negative for all t = t <E R((A)) and hence it is non- negative for t = X"^^ . Now one proceeds analogously 
by induction to obtain that uj is positive for all finite sums An '■= J2q<N X'^Aq but then the continuity of /z, 
* and UJ according to lemma |A.2| guarantees that uj is in fact a positive linear functional on all A € A{{X)) 
since the order topology for R((A)) coincides with the metric topology induced hy d^. □ 



B Time development in deformation quantization 

In this appendix we shall briefiy remember some well-known facts about the time development in 



deformation quantization (see e. g. Sec. 5] and Fedosov's book |19, Sec. 5.4]). Let {M,uj) be a 
symplectic manifold and let * be a star product for C°°(M)[[A]]. Let X be a symplectic vector field 
with complete fiow (pt and /3 = the corresponding closed but not necessarily exact one-form. 
Then locally /3 is exact and we have P = dH. We use this locally defined Hamiltonian H to define 
star product commutators locally and notice that ad{H) does not depend on the choice of H but 
only on /? and hence one obtains a globally defined map which we shall denote by ad(/?). Then we 
consider the Heisenberg equation of motion 

|/(t) = ^ad(/3)/(t) (78) 
with respect to /? and ask for a solution t i— > f{t) E C°°(M)[[A]] for a given initial value /(O): 
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Theorem B.l Let X he a symplectic vector field with complete flow and let (3 = ix^^- Then 
the Heisenberg equation of motion ( [7^j has a unique solution f{t) for any initial value /(O) G 
C°°(M)[[A]] and t G M. 

Proof: Equation ( j?^ ) is equivalent to the equation -^igit) = o H o (jy^glt) where H := jad(/3) — jCx 
and g(t) — (f)*^^f(t). This equation can be rewritten as a fixed point equation by integrating over t. Then 
proposition |A.3| shows that there exists a unique solution since H raises the A-degree at least by one. □ 
This theorem allows us to define a quantum mechanical time development operator At for the 
symplectic vector field X such that f{t) = Atf is the unique solution with initial condition /. 
Then At is a C[[A]]-linear map for all f G M and clearly Aq = id. Moreover At clearly satisfies the 
Heisenberg equation as operator equation 

j^At = '-^mAt. (79) 

The quantum mechanical time development operator At is obtained by a quantum correction of 
the classical time development operator which is just (pt- We denote this correction by 

Tt := (PU ° At (80) 
and prove the following proposition by a straight forward computation: 

Proposition B.2 The operator Tt is a formal power series of differential operators = id + 
X^-^i A'Tj*-''^ and Tt satisfies the following differential equation with initial condition Tq = id 

jTt = (p*_t oHo<p;oTt (81) 

and the equivalent integral equation 

Tt = \d+ [ (P%oHo^*o TrdT (82) 
where H = ^ad(/3) — Cx is defined as in the proof of theorem J| . // the star product is of the Vey 

(r) 

type then T^ is a differential operator of order 2r. 

In a last step we prove that At is a one-parameter group of automorphisms of the star product 
using the fact that the solution f{t) of (^) is uniquely determined by /(O): 

Theorem B.3 The quantum mechanical time development operator At of the symplectic vector 
field X with complete classical flow has the following properties where (5 = ix^-' 

i.) AtAg = At+s = AsAt and Aq = id for all s G M. 

a.) Atad{l3) = ad{l3)At for all t G M. 

m.; At{f*g)=Atf*Atgforallf,geC^{M)[[X]] andt£R. 

iv.) A^t is the time development operator for the vector field —X and {Tt)~^ = (l)*_t o T_t o (f)*. 

V.) If in addition f * g = 'g * f then At is a real automorphism, i. e. Atf = Atf . 

Remark: All statements are still correct if one replaces the closed one-form /3 by /3 + Y^^=i l^r 
where (3r are again closed one-forms which encloses the case of some 'quantum corrections'. Fur- 
thermore all statements can be transfered to the case of formal Laurent and CNP series including 
the corresponding quantum corrections (but not necessarily to formal NP series since we used the 
formal Banach's fixed point theorem). 
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